Numerical demonstration of the reciprocity among elemental relaxation and driven-flow problems for a rarefied gas in a channel Phys. Fluids 24, 012003 (2012) Relaxation of internal temperature and volume viscosity Phys. Fluids 23, 093104 (2011) Path-integral calculation of the third virial coefficient of quantum gases at low temperatures J. Chem. Phys. 134, 134106 (2011) Stochastic models in kinetic theory Phys. Fluids 23, 030602 (2011) A Lagrangian-Eulerian approach to modeling homogeneous condensation in high density gas expansions J. Chem. Phys. 134, 104105 (2011) Additional information on J. Chem. Phys. •Rn. These data are used to calculate spectroscopic parameters for these three species, and the data for the whole Na ϩ •Rg series (RgϭHe-Rn) are compared. Potentials for the whole series are then used to calculate both mobilities and diffusion coefficients for Na ϩ moving through a bath of each of the six rare gases, under conditions that match previous experimental determinations. Different available potentials and experimental data are then statistically compared. It is concluded that the present potentials are very accurate. The potential and other data for Na ϩ •Rn appear to be the first such reported.
I. INTRODUCTION
We have recently been involved in the generation of accurate ab initio potential energy curves for the alkali metal/ rare gas 1:1 complexes and the derivation, from these, of spectroscopic constants and transport coefficients. To date, we have reported the whole set of results for Li ϩ •Rg (Rg ϭHe-Rn) 1,2 and the potential energy curves and spectroscopy of Na ϩ •Rg (RgϭHe-Ar). 3 This work follows on from these results and from previous work by one of us 4, 5 where interaction potentials were derived from transport data. In the present work, we present ab initio potential energy curves and derive spectroscopic quantities for the three heavier species, Na •Rg species summarized in a recent review 6 and the transport data referred to below. Complexes involving an alkali metal cation interacting with a rare gas atom are prototypical closed-shell neutral/closed-shell cation species. They are simple enough that very accurate calculations can be performed, so providing insight into the fundamental interactions that occur in this model microsolvation system. 6 A number of previous studies are of relevance here. Kim and Gordon provided early attempts to describe the attractive and repulsive parts of the interaction potential of closedshell/Rg systems. 7, 8 Waldman and Gordon 9 have reported the results of the most recent ͑modified͒ electron gas modeling, although an earlier study by Gianturco had been published. 10 Powers and Cross 11 have reported the results of ion beam scattering studies, as have Gislason 12 and Kita et al. 13 Viehland 4,14 derived potential parameters from ion scattering and transport data, and subsequently Koutselos et al. 5 developed a universal scaling scheme that provided good agreement with experiment for all alkali metal/rare gas systems ͑excepting species involving Fr and Rn͒. Nyland et al. 15 considered the interaction potentials of Na ϩ
•Kr and Na ϩ •Xe using a range of fitting and combination rules. Finally, Freitag et al. 16 reported results for Na ϩ
•Xe using SCF and CEPA methods.
II. THEORETICAL DETAILS

A. Ab initio calculations
The interatomic curves were computed at the CCSD͑T͒ level of theory using a derived 17 basis set equivalent to an aug-cc-pVQZ basis set for Na ϩ . The standard version of these basis sets was used for He, Ne, and Ar, as reported in Ref. 3 . For Kr, the ECP28MWB 18 effective core potential ͑ECP͒ was employed. Here and below, the M generally indicates that the neutral atom is used in the derivation of the Energies were determined at a range of intermolecular separations, R, covering the short-as well as long-range regions. The ranges of R used were selected based upon the position of the minimum and upon the demands of the transport property calculations. Basis set superposition error ͑BSSE͒ was accounted for by employing the full counterpoise correction of Boys and Bernardi 23 in a point-by-point manner. All energy calculations were performed employing MOLPRO. 24 The frozen core approximation was used throughout, with the 2s and 2p electrons of Na ϩ treated as valence. We showed in Ref. 17 that the freezing of the core orbitals had a negligible effect on the calculated dissociation energy and equilibrium bond length; indeed, freezing these orbitals had the beneficial effect of reducing the BSSE. The frozen core approximation obviously affects the calculated total energy, but our previous calculations with the Li ϩ •Rg systems 1, 2 indicate that it has a negligible effect upon the calculated interaction potential energies.
B. Spectroscopy and interaction parameters
From the interaction potential energy functions, the equilibrium interatomic separations and the dissociation energies were obtained, and LeRoy's LEVEL program 25 was used to calculate rovibrational energy levels. The e and e x e parameters were then determined from the calculated energy levels by straightforward means.
C. Transport coefficients
Starting from the interaction potentials, transport cross sections were calculated to an accuracy of 0.1% using the program QVALUES. 26, 27 These cross sections were then used in the program GRAMCHAR 28 to determine the ion mobility and the other gaseous ion transport coefficients as functions of E/N, the ratio of the electric field strength to the gas number density, at particular gas temperatures. The mobilities are generally precise within 0.1%, which means that the numerical procedures within the programs QVALUES 
III. RESULTS AND DISCUSSION
Our ion-neutral interaction potential energies are given in Table I . For a closed-shell atom interacting with a singly charged ion at long range
where
and
where E ind is the induction energy, E disp is the dispersion energy, ␣ 1 is the static dipolar polarizability ͑or simply static polarizability͒, and ␣ 2 is the static quadrupolar polarizability of the rare gas atom. Ignoring the higher order terms, Ahlrichs et al. 29 ͑among others͒ have noted that D 4 and D 6 are related to the other parameters by
As a consequence of Eqs. ͑4͒ and ͑5͒, least-squares fitting of the calculated potentials at large R to Eq. ͑1͒ should yield values for the parameters D 4 and D 6 . Note that it is also possible to incorporate ''universal damping functions'' •Ar potentials, we noted that for D 6 in particular, a heuristic approach had to be taken. Regions of the potential energy curve were matched to Eq. ͑1͒ to obtain the smallest error, with no account being taken of the repulsive terms, damping factors, or higher D n terms. Subsequent detailed work on Li ϩ
•He
1 , where the latter terms were considered, has led us to the conclusion that the fitting of D 6 ͑and other D n terms͒ requires very careful consideration, and we refrain from such fits in the present work. We did, however, confirm that the potentials at very large R have a ϪD 4 /R 4 dependence, and that the value of D 4 was consistent with well-established values for the polarizabilities of He-Ar, and with the values for Kr-Rn calculated by ourselves 31 and others. Breckenridge and co-workers have considered the importance of the various contributions to M ϩ •Rg bonding. 6, 32, 33 
A. Spectroscopy
The derived rovibrational spectroscopic quantities are given in Tables II and III . The rotational energy levels for each vibrational level were fitted to the expression
Note that in Ref. 3 there were some errors in the reported value of the exponent for the centrifugal distortion terms for Na ϩ •Ne and Na ϩ
•Ar, and so we present the whole set of correct results in the present work for clarity. The explicit vibrational energy levels are given in Table III for all six complexes, and the derived e and e x e values are given in Table II ; for all except Na ϩ •He, these were obtained from a fit of the four vibrational energies listed in Table III to the two-term Morse potential energy function ͑the higher anharmonicity of Na ϩ •He meant that such a fit had significant error, and so only the two lowest energy levels were used in this case͒.
We only include the Na •Xe has been obtained indirectly from ion beam scattering studies, 11, 12 as well as from ion transport data. 4, 5 Theoretical studies have been undertaken, but these seem to have been limited to electron gas calculations 9 and some recent Coupled Electron Pair Approximation ͑CEPA͒ calculations. 16 No previous studies of Na ϩ •Rn have been reported to our knowledge. The values for the internuclear separations and the dissociation energies obtained in the previous studies are given in Table II , to- 23 Na gether with the values derived in the present work. It may be seen that, on the whole, there is reasonable agreement between our results and the previous experimental values, although the bond lengths derived from the earlier electron beam scattering experiments 11 seem to be too long. One exception is that the dissociation energy for Na ϩ •Kr obtained experimentally appears to be too small-perhaps this is not surprising as beam studies generally probe the repulsive region of the potential, rather than the attractive part: indeed, no information on the attractive regions of the lighter Na ϩ •Rg systems could be obtained, 11 owing to the insensitivity of the experiment to this part of the potential. The quantities derived from the ion transport studies are in relatively good agreement with the results obtained herein, which is likely to be due to the fact that the potentials have been derived from a wide range of E/N data, which will be sensitive to both the attractive and repulsive regions of the potential-statistical comparisons between these potentials will be made below when considering the transport data.
Looking at the theoretical studies, the ͑modified͒ electron gas model of Waldman and Gordon 9 performs fairly well, giving values for both the internuclear separation and the well depth that are close to the values derived from the present work for both Na Table II͒. The only other ab initio study is that of Freitag et al., 16 who only considered Na ϩ •Xe at the CEPA level of theory. Their bond length is in good agreement with the present value, but the well depth is a little shallow: this probably results from a combination of the omission of some of the correlation energy, as well as the use of a relatively small basis set. Only a small basis set could be used in that work, both because of computational limitations at that time, but also as no ECP was employed, and so the number of valence basis functions was limited. It is especially important in these species to be able to describe the distortion of the Rg valence orbitals along the internuclear direction, as caused by the charge/ induced-dipole interaction. This in turn means that one must be able to describe the polarization of the Rg atom well; we showed in Ref. 31 , and for Li ϩ •Rg in Ref. 2 , that the types of basis sets we employ herein are able to describe these effects well.
There appears only to have been one previous report of a vibrational frequency for these species-for Na ϩ •Xe in Ref. 16 . The values for both e and e x e are in good agreement with our derived values ͑see Table II͒ .
We conclude that we have produced a reliable set of potential energy parameters for these species; in a number of cases, these values are the first ones reported.
Considering the set of values in Table II for the Na ϩ
•Rg series, we see that, as expected, the dissociation energy increases as we descend the Rg group, in line with the increasing polarizability of Rg ͑Ref. 31͒-a trend also observed in our work on Li ϩ •Rg ͑Ref. 2͒ and Rg•NO ϩ ͑Refs. 34 and 35͒. Interestingly, the vibrational frequencies do not follow a monotonically increasing trend, and such a variation is also seen for other M ϩ •Rg species; 2, 6 it probably represents a subtle balance between the increasing attraction ͑charge/induced dipole͒ and increasing repulsive ͑electron-electron repulsion͒ terms.
B. Transport data
We have calculated the transport coefficients at a large number of E/N values and at many gas temperatures for each of the six Na ϩ •Rg systems. The number of results is too large to list here or even to show graphically; we have placed them in the gaseous ion transport database maintained at Chatham College. 36 As a guide to the eye, we present in Fig. 1 the calculated standard mobilities and the experimental results from the Georgia Tech group. 37, 38 As noted above, there are very slight ''wobbles'' in the K o curves at intermediate E/N caused by a slower convergence in these regions, which we did not attempt to overcome with more extensive computations.
In previous work, 39 , as a function of the reduced field strength, E/N in Td (1 Tdϭ10 Ϫ21 V m 2 ), for Na ϩ in the rare gases. The temperature is 300 K for all gases except Xe, for which Tϭ303 K. The curves are those calculated in the present work-see Tables IV-VIII gases. There are no data to which we can compare the present Na ϩ /Rn results.
Na ¿ "He
Ion scattering and transport experiments do not provide information on shallow potentials unless the relative kinetic energy or gas temperature is very low. Since the well depth for the Na ϩ •He interaction is 40.8 meV ͑equivalent to 474 K͒, we expect our ab initio potential for He to be more accurate near and beyond the minimum position ͑4.4 bohr or 2.3 angstrom͒ than are potentials derived from inverting scattering or mobility data. In Ref.
2, we noted that ab initio curves at very short R may suffer from the effects of BSSE, which is difficult to correct for as the basis functions overlap more, and the moieties in the counterpoise correction become less defined. Fortunately, the BSSE becomes a smaller percentage of the total energy as the internuclear separation increases, and our Na ϩ •He potential gives scattering results that are in good agreement with experiment.
The transport data from Refs. 37, 41, and 42 are compared in Table IV to the present calculated results and to the 
Na ¿ "Ne
The transport data from Refs. 37, 41, 46, and 47 are compared in Table V 
Na ¿ "Ar
The transport data from Refs. 37, 41, 46, 47, and 48 are compared in Table VI to The diffusion data from Ref. 48 have such large error bars that they encompass the results calculated from both potentials, and hence cannot discriminate between the potentials. The D Ќ /K data from Ref. 47 are certainly in error above 40 Td. With regard to the diffusion data from Ref. 43 , the potential from Ref. 5 is close to being consistent with the data, whereas the present potential is not. This is surprising because it is the reverse of the situation for the mobility and because the raw data used in both cases 37, 40 were from the same experiments. One possibility for this disagreement would be that insufficient analysis 49 of the raw data makes the cited errors too small, especially for the diffusion data.
Na ¿ "Kr
The transport data from Refs. 38, 45, and 50 are compared in Table VII potentials are more consistent with the data from Refs. 51 and 52 than the data from Ref. 38 , suggesting that the errors in the latter are not as small as claimed-a conclusion consistent with the larger-than-usual errors cited for these data in Ref. 52 . •Rg (Rg ϭHe-Xe) indicates that the calculated transport properties for Na ϩ in Rn are also accurate. Finally, we note that the ab initio curves are most likely to be the most accurate close to and beyond the potential energy minima for species Na ϩ •He, which has a very shallow potential energy minimum: such minima are only accessed in low-temperature studies, whereas most scattering and mobility studies occur at room temperature.
IV. SUMMARY AND CONCLUDING REMARKS
